(G).
Applications to topological tensor products of group algebras are announced.
Let G and K be locally compact Abelian groups, and, let θ be a continuous homomorphism of K into G. Gelbaum [3] has observed that θ induces a module action of the group algebra L ι (K) on the group algebra L ι {G) via a "generalized convolution": if ce&(K) and aeL ι {G), then c* θ aeL\G) is given by
c* o a(g) = i c(k)a(g -θ(k))dk, (geG).

JK
Moreover, this module action is associative in the sense that (c*0<z)*α' = c* θ (a*a') ( = a*(c* θ a') by commutativity of L ι {G)), and, the action satisfies the inequality ||c*βα||i ^ Ik Hi II αHi-Hence L ι (G) is an algebra over L ι {K) and the action is continuous, i.e., L\G) is an (isometric) Banach L\K)-algebra. The question we pose is "Does the converse hold, i.e., if &{G) is an algebra over U{K) such that Hc-αlU ^ Helix llal^ for all ceL ι {K) and ae L ι (G) , is the action of &{K) on L ι {G) induced by a continuous homomorphism of K into G?" We answer this question in full, the main result culminating in Corollary 3.2.
I would like to take this opportunity to thank Professor Bernard Gelbaum, who suggested the above problem, for his kind encouragement and stimulating discussions during the preparation of part of this work. The author also thanks the referee for his numerous 669 670 ON ALGEBRA ACTIONS ON A GROUP ALGEBRA constructive comments and suggestions in an earlier version of this paper.
l Preliminaries* Let G be a locally compact group. M(G) will denote the Banach algebra of all finite, complex-valued, regular Borel measures on G with convolution as multiplication. The convolution of two measures, μ and v, in M(G) will be written as μ*v. L\G) will denote the Banach algebra of (equivalence classes of) complexvalued measurable functions on G summable with respect to left Haar measure with multiplication given by convolution. We will from time to time also regard &(G) as the closed two-sided ideal of M(G) consisting of those measures absolutely continuous with respect to (left) Haar measure on G; the details of this identification can be found in [5] . Finally, if G is Abelian, then G will denote the Pontryagin dual group of G, i.e., the group of continuous characters on G. If aeG, then the value of α at geG will be denoted by (g,a) .
for all aeG. DEFINITION 1.1. Let C be a Banach algebra. A Banach algebra A, is a C-algebra if there is a complex bilinear mapping CxAs(c,a)-+ c ae A such that (i) (cc') α = c (c' α') (ii) c (αα') = (c α)α' = a(c a') for all c, c' e C and α, α' e A. We call A & Banach C-algebra if in addition there is a nonnegative constant χ such that (iii) \\ca\\ A^χ \\c\\ c \\a\\ A for all c e C and ae A. We will refer to the least such nonnegative constant χ satisfying (iii) as the norm of the action of C on A (this "norm" is the bilinear norm of the complex bilinear map (c, a)->ca).
If χ can be chosen to be 0 in (iii), then we say: A is a degenerate C-algebra, i.e., c a = 0 for all c e C and αe A. If we can take χ == 1 in (iii) then we say A is an isometric Banach C-algebra (following [11] ). (Note that if A is a commutative Banach algebra, then the last equality in (ii) follows from the first equality in (ii).) Introductory properties and examples of Banach modules are discussed [6] . Further discussions, relevent to this paper, appear in [3] , [4] , and [11] .
The following example provides a basis for our discussions. Let K and G be (not necessarily Abelian) locally compact groups. Let θ: K->G be a continuous homomorphism. Then L\G) becomes an isometric Banach Z/(UL)-module via "^-convolution" in the following
that is, the right hand side of (1) 1* Algebra actions on L^G). Let K and G be LC groups. We have observed that a continuous central homomorphism
The striking fact that the module action is necessarily continuous will become clear later.) The main purpose now is to show the converse holds.
If C is a commutative Banach algebra, we denote by W c and -3Jl c the spaces of all and all nonzero multiplicative linear functionals on C, respectively. Give each space the weak*, topology. The Gelfand transform of c e C is denoted by c:
The following is a straightforward generalization of Lemmas 1, 2 [3] , p. 134. We are now prepared to present the main theorem in this section. THEOREM 
Let C be a Banach algebra and let G be a locally compact group. Suppose U(G) is a C-algebra. Then the module action is necessarily continuous and there is a continuous unique central homomorphism ¥: C -> M(G) such that: 1i) c a = Ψ{c)*a for all ceC and a e U{G)) (ii) H5PΊI is the norm of the action of C on L ι (G). Finally, if C is commutative and G is abelian, and, if μ: G-* < 3Jl°c is the adjoint map induced by the action of C on L ι {G) (as in Pro
It is well known (e.g., [7, Theorem 2.1] ) that every centralizer on L ι {G) is a bounded linear operator and therefore T c is a bounded linear operator on &{G). Since T c is a (right) centralizer, by Wendel [13, Theorem 1] 
We show Ψ is a central homomorphism, i.e., Ψ is a homomorphism of C into the center of M(G). First, observe that Ψ{c)*aa*Ψ{c) for all ceC and azL ι {G). Indeed, for every a'eU{G)
and hence Ψ{c)*a = a*Ψ{c) since &{G) has a right approximate identity. 
It is well known that £? is a faithful ^repre-sentation of M(G) into the algebra of all bounded linear operators on L 2 (G). Consequently, M(G) is an A*-algebra and hence any *-subalgebra of M(G) is semisimple [10, Theorem 4.1.19] . In particular, the center of M(G) must be semisimple.
Returning to the proof of Theorem 2.2, the complex homomorphism Ψ from C into the center of M(G) is necessarily continuous since the center of M(G) is a semisimple commutative Banach algebra (c.f., [10] , Theorem 2.5.17). Since \\ca\\, = ||?f(c)*α|| 1 ^ ||3Π| ||c|| \\a\\, for all c e C, ae &{G), we have || Ψ\\ ^ χ. To prove the reverse inequality, first recall that in (1) is the zero operator on U(G) and hence has zero norm, which is \\Ψc -Φc\\ (by Wendel [3] ). Thus Ψ = Φ. (4) If C is commutative and G is abelian, then for each ceC, a e L\G), coμ a = (coaΓ = (Ψ(e)*aΓ = {Φ e Ta>-Therefore, coμ = (We)*, proving (iii). The proof is complete.
REMARK. With a few minor modifications in the above proof, we can weaken the hypotheses to obtain roughly the same conclusion. 
if &{G) is an L ι (K)-algebra there is a continuous homomorphism ¥: U{K)->M(G) such that [Ψc]~ = c<>μ for all c e L ι (K), where μ: G-+ K° is the adjoint map of the action. At this point the Cohen theory [2]
of homomorphisms of commutative group algebras applies. Specific references to the Cohen theory will be taken from the treatment in Rudin's book [12] , Chapter 4.
In general, if Ψ is a complex homomorphism of Lΐ{K) into M{G) r then Ψ induces a continuous map μ:G->K° such that Ψc = coμ for all c 6 L ι (K). Cohen characterizes all homomorphisms Ψ by identifying the respective adjoint maps μ. We turn this around to give an explicit description of Ψ in terms of its action on Lϊ(K).
Before presenting the alledged description of Ψ we set down a few facts and notations. If H is a compact subgroup of the LCA group G, then π H will denote the canonical homomorphism of G onto G/H. Choose a Haar measure on G/H so that the Haar measures of G, H, and G/H are canonically related [9] 
Then with 7, α, fl" and β as defined, it can be shown (as above by taking Fourier-Stieltjes transforms) that Ψc = ατrέ0*(τc) for allceC The uniqueness of H and 0 can be easily verified. Theorems 2.2 and 3.1 provide the key to the characterization of all nondegenerate algebra actions of to complete the proof. We broaden our notation slightly for the following two corollaries. Namely, if 7€Jίand θe Hom(ϋΓ, G), then r * θ will denote the isometric Banach &{K)-algebra action on &{G) given by Proof. Now, G has no nontrivial compact subgroups if and only if G^ is connected [5, (24.19)] which implies the open coset ring G is {G, φ). Thus if G is connected, H = {0} in Corollary 3.2, and μ~~ι{K) = G; hence we can take a = 1, y = μ(l). π {0] and T {0} reduce to the identity maps on L\G). Thus (i) implies (ii). If G is not connected, then by choosing a nontrivial compact subgroup H in G and setting K = G/H and c = identity on G/H, the action c-a = 7CH(C*I T H (a)) is not induced by a θe Hom(iΓ, G) and a7eί.
COROLLARY. 3.4. Let K and G be LCA groups Proof, (i) => (ii) is clear since μ -θ -7. Conversely, if (ii) holds, then since χ <; 1, μ is an affine map of μ~ι{K) = G into K. Set y --μ(ΐ) i θ -(μ -7)^, and (i) follows. Now (i) => (iii) since an approximate identity for L ι {K) can be shown to be an approximate identity for U(G). Finally, (iii) ==> (i) by Hewitt's factorization theorem ([6), Theorem 32.22). Specifically, given any aeG, choose an a e L ι {G) such that d(a) ^0. By the hypothesis in (iii), the factorization theorem implies there is a ceLΐ(K) and a'e L^G) such that a = c α\ Then
and hence c(μ(a)) Φ 0 and therefore μ{a)eK.
Since aeG was arbitrary, μ(G) c K, i.e., μ~ι{K) = G, and (ii) follows, and therefore (i). REMARK 3.6. In a forthcoming paper [14] we apply the characterization of algebra actions of group algebras obtained in Corollary 3.2 to yield results to topological tensor products of group algebras.
In [11] Rieffel has discussed the tensor product of Banach spaces that are Banach modules over a Banach algebra: if A and B are Banach C-modules for a Banach algebra C, then the C-tensor product of A and B, A(g) c B, is defined as the Banach space and quotient A(& r B/J, where J is the closed linear subspace generated in the projective tensor product A(g) r B by all elements of the form When A and B are commutative Banach C-algebras for a commutative Banach algebra C, then A(g) c J5 is naturally a commutative Banach C-algebra. We briefly mention two main results obtained in [14] .
(1) The commutative Banach algebra &{G) ® L \ K) L ι (H) is strongly semisimple in all instances of algebra actions of &{K) on L\G) and L\H) for LCA groups G, H, and K. This can be viewed as a generalization of the work of Gelbaum [3, Theorems 1, §3, §4] and Natzitz [8] .
( where E is the essential part [11, Def. 3.5] of D and L ι (K)-N= {0}. Furthermore, there is a canonical LCA group G 0^ iϊ and an isometric ^(^-isomorphism
E = (U(G) ® LHκ) U{H)) e ~ U{G ® κ H) .
Finally, there are compact subgroups g g G and h gΞ H such that if I g and I h denote the kernels in L ι {G) and 1/(11), respectively, of the canonical homomorphisms T g : U(G)-*L ι {Glg) and T h : L\H)-+ L ι (Hjh), then there is a continuous isomorphism where l g (g) r l h is the projective tensor product of l g and l k .
The result above generalizes the work of Gelbaum [3] , [4] , and Natzitz [8] . Furthermore, using Corollary 3.21 [11] , we can obtain a characterization of the space of L 
Hom L i (I) (U(G), L~(H)) ~ L~(G ® κ H) ,
where the isomorphism is algebraic and isometric.
